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is 0.289 (N,) and 0.193 (O,) electron volts. It is noted that
the electron energy gain rate —Q,x [Egs. (1), (5), and (6)]
should be added to the right-hand side term of the electron
energy conservation equation of Ref. 2 [Eqgs. (16), (36), (37),
and (79)].

Q.v.s is also represented'® by Eq. (3), where i and j denote
vibrational states. For the Boltzmann distribution n; with the
vibrational temperature T,, and the Maxwellian distribution
[f. with the electron temperature 7,, which yields the detailed
balancing

kj;/k;=exp(AE;/«kT,) (14)

Q. s is reduced to

QeV,s:”eE”iEki,i+j5j (15)
i J
where
n; :ns[l 'exp(“ev,s/Tv) ]exp('iov,s/Tv) (16)
B;=Jjkb, {1 —expljO,,(1/T,—1/T,)1} a7

and 0, is the vibrational characteristic temperature. The
theoretical data'' of ¢;,,; indicate 1) a complicated depen-
dence on the electron energy and 2) the evaluation of the
summation in Eq. (15) requires several terms for |
(=0,1,2,...) and a few terms for j (=1,2,...).

Although Eq. (15), in general, may not be reduced to a
simpler expression, it is pointed out that, in a particular
case, it leads to the same Landau-Teller type expression as
derived in Ref. 2. When the vibrational transition rate coeffi-
cient k;; satisfies'

ki =ky, izl (18)
or
nkii, <noky, izl (19)

Eq. (15) is reduced, respectively, to

Qev,s =N Mg Ekojﬂj (20)
J

Quv =non (1 —exp(—0,,/T,) 1 Y koB; @1
J

At T,=T,»0,,, 8,=«x(8,,)*(1/T,—1/T,) and Egs. (20)
and (21) lead to the Landau-Teller type expression?

QeV,s =Ps (e:t —ev,s )/TeV,s (22)

with the eV relaxation time

TeV,s = [ZKO(OU,S/TE))\] -1 (23)

where p,(=m,n,) is the mass density; e, (=«T,/m;) and
er¥ (=«T,/m;) are the vibrational and equilibrium
(T,=T,) energies’; A=2 and 3 for Egs. (20) and (21),
respectively; and K|, =(ne/2)23jk0jj2 is defined in Ref. 2. It is
noted that 7, ; for A=2 is half of Lee’s relaxation time [Eq.
(A17) of Ref. 2].
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Navier-Stokes Similarity Solution
for the Planar Liquid Wall Jet

Arthur Rubel*
Grumman Corporate Research Center
Bethpage, New York

Introduction

HE laminar liquid wall jet provides a simple example of

a boundary-layer type flow. In the absence of gravita-
tional or surface tension effects, Watson! found the
boundary-layer similarity solutions for both the radial and
planar cases. In the plane jet far field the flow may be con-
sidered to have emanated from a source of given strength.
The velocity is directed along rays and its distribution is in-
dependent of the distance from the source. The Reynolds
number for the problem is independent of distance (e.g.,
volume flow/viscosity) and the solution of Watson is valid
when the Reynolds number is large. In this note, for dis-
tances large with respect to the jet exit dimension, a similar
solution for the plane liquid wall jet, valid for all Reynolds
numbers, is deduced. The solution reduces to the boundary-
layer result' for large Reynolds number and includes a
description for the wall jet flow directed toward a sink. Fur-
thermore, it is shown that these solutions are special cases of
the Navier-Stokes result for nonparallel channel flows un-
covered by Jeffery? and Hamel® and elucidated by several
investigators.*”’
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Analysis

Using the (r,0) polar coordinate system of Fig. 1, we seek
a similarity solution to the Navier-Stokes equations assuming
that the velocity (u,v) is directed along rays (i.e., v=0) from
the mass source at the origin. It is shown subsequently that
v=0is a requirement for this flow. The interface of the jet is
aligned with the =0 coordinate so that solutions can be
more readily compared with those of convergent, divergent
channel flows.>”’ For incompressible flow, the mass and
momentum equations reduce to

d
5;'(’14)=0 oy
uau 1 L *u 2
ar o o P 9 (

1 ap v du
0=—— — 42— —
p 00 r o )

where p, p, and v are the pressure, density, and kinematic
viscosity, respectively. The boundary conditions are that, at
the wall, there is no slip

u(r,—a)=0 (4a)
and, at the interface, the tangential stress vanishes while the

normal stress of the liquid is balanced by the outside
pressure,

Ou L oy=0 4b
@—(", )= (4b)

17p)p(r,.0) = 2(»/r)u(r,0)=(1/p)p., (49

The external pressure is assumed to be p.. Eliminating
pressure from the momentum equations yields an equation
for u alone, viz.

3%u  du du 2 du 2 du 1 d%u
-t =\ 0t — )
ared 46 or r: 49 r 86dr rr 9¢°

Conservation of mass requires that u~r~!, and this is
compatible with Eq. (5). Hence, Eq. (1) is validated and, as
postulated, v must vanish everywhere since it vanishes at the
wall. Consider the formulation

ur/v=Rf(0) 6

where R=uyr/v is defined as the Reynolds number based
upon the velocity at the interface, u,. Substituting into Eq.
(5) yields

2Rff +4f" +f" =0 @)

Fig. 1 Planar liquid wall jet—physical model.
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where primes indicate differentiation with respect to 6.
Following Batchelor,” Eq. (7) can be integrated twice to yield

fP=A-HI%BRU>+N) +4f+c] ®

where ¢ is an integration constant, and boundary condition
Eq. (4b), along with definition f(0)=1, have been invoked to
eliminate a second integration constant. It is easily verified
by a substitution and the use of Eq. (7), that the pressure
field

P=Dew—V2p(/r)’R(Rf*+[") ©)

satisfies Egs. (2) and (3).

The determination of the constant in Eq. (8), in terms of
the Reynolds number, defines the special subclass of flows
described here. This is accomplished by evaluating Eq. (9) at
the interface and matching the result with the normal stress

Asymptotic limit (R — oo

2 T11/3)

5/ R - 17173 R

—— (/8]

-10 0 10 20 30 40 50 60 70 80 jee) 100

Fig. 2 Planar liquid wall jet—fluid angle.
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Fig. 3 Planar liquid wall jet—volume flow.
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Fig. 4 Planar liquid wall jet—velocity distributions.
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balance condition, Eq. (4c). This procedure yields f”(0)=
—(4+R) so that, from Eq. (8), c=4+2R/3. Hence, the
solution of Eq. (8) may be placed in the form

3\% ¢! df
—_p=(—
(2) Sf (I-NIRA+f+)+6(l+N1} " (10)'

and the location of the wall is obtained from application of
Eq. (4a)

EAN df
a_<2) ) (RO S Drearnils D

Equation (10) is in the form of an elliptic integral and the
result depends upon the roots of the square bracket form in
the denominator (e.g., Abramowitz?®). The roots are real for
R <2 and complex for R>2. Therefore, for R<2

F(¢,K)=—(2R/3)" N

f—ﬁz kzzl_ﬁz
1-8,° 1-8;

o) )] o

where F(¢,k) is the elliptic integral of the first kind with
modular angle of sin~!k. Alternatively, in Jacobian elliptic
function notation

1
A=——(1-F3)", cos’¢=

Sf=1=(1-B,)sn*[ — (2R/3)" N9] (12b)

For R=2, the solution takes the form

F(¢,k)=— (2R/3)" N0
A 2 _
A= [3(1+i ]/, cosq&:—)\———lj—f

1 3% (1+2/R)
Ke—e— 13
2 4 (1+4/R)* (132)

_ _ v
1—cn[—(2R/3) )\9]} (13b)

— 1 _.)\2
J=1=X {1+cn[—(2R/3)’/z)\0]

Discussion

These solutions are a special subclass of the more general
solutions for flow in converging and diverging channels,?”’
where the current interface normal stress condition,
f"(0)= —(4+R), happens to be satisfied along the plane of
symmetry. Moreover, they are solutions to the laminar liquid
wall jet problem for all Reynolds numbers. It is easily shown
that, for R—oo, Egs. (13) reduce to the solution of the
boundary-layer equations given by Watson. The reader
should note that the solutions Egs. (12) and (13), given in
terms of elliptic functions, are for the purpose of allowing
comparison with the classical channel solutions. The quan-
titative results that follow were obtained by direct numerical
evaluation of the integrals of Egs. (10) and (11).

The angle between the wall and the surface interface « is
given by Eq. (11), and quickly reaches its asymptotic, large
Reynolds number behavior (Fig. 2). The layer makes an
angle of w/4 with the wall as R—0 and when the plot is con-
tinued into the region of negative R, where the source is
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replaced by a sink, the layer begins to grow, rapidly becom-
ing unbounded as R— —4. This is a limiting R, since, from
Eq. (8)

SRR +60 -0,

6(1+1)
z-—_2° R=-4; f—

L+f+f? 4 f=1
It is sometimes convenient to define a Reynolds. number based
upon volume flow Q, which scales with «R (e.g., Refs. 5 and
7). In that case,

R P

aR o

and this result is shown in Fig. 3. The limiting value for Eq.
(14) is found to be unity for R— —4, via the substitution
g=1—f. Again, the asymptotic large R solution is quickly
approached. The uniform value of the Reynolds number
ratio over almost the entire range of positive R (Fig. 3)
makes it no surprise that there is little variation in the cor-
responding velocity profiles (Fig. 4). Certain of these profiles
may be recast in simpler forms. For example, the solutions
of Eq. (12) for R=0 and R=2 reduce to

(14)

f=cos(-20), R=0; f=1-3tanh?(—-0), R=2

Also, the limiting result for R— —4 can be obtained from
direct integration of Eq. (10), viz.

f=3/2tanh?[6+ "tanh~'(1/V3)] - 1/2, R= -4

Conclusion

It has been shown that the boundary-layer solution for a
liquid wall jet! is the large Reynolds number limit of an ex-
act Navier-Stokes solution. That Navier-Stokes solution is a
particular case in the class of divergent channel flows?’ and,
to the author’s knowledge, it is the only pure outflow solu-
tion that has a large Reynolds number, boundary-layer
counterpart. The boundary-layer result is recovered at
R =100. The solutions include cases of wall flows toward a
sink where the profiles change rapidly with negative
Reynolds number. These solutions are related to convergent
channel flows.
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